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We study the impact of cooperative many-body effects on the operation of periodically-driven
quantum thermal machines, particularly heat engines and refrigerators. In suitable geometries, N
two-level atoms can exchange energy with the driving field and the (hot and cold) thermal baths
at a faster rate than a single atom due to their SU(2) symmetry that causes the atoms to behave
as a collective spin-N/2 particle. This cooperative effect boosts the power output of heat engines
compared to the power output of N independent, incoherent, heat engines. In the refrigeration
regime, similar cooling-power boost takes place.
I. INTRODUCTION
One of the central questions in the emerging field of
quantum thermodynamics [1–5] pertains to possible quan-
tum advantages (“supremacy”) in the operation of thermal
machines such as heat engines or refrigerators compared
to their classical counterparts [6]. In that context, starting
with the seminal work by Scully et al. [7], extensive inves-
tigations have focused on the question whether quantum
coherence in either the machine’s working medium [8–13]
or the energising (hot) bath (the “fuel”) [14–24] could
either boost the power output or the efficiency of quantum
engines. Whilst these investigations have been mainly the-
oretical, impressive experimental progress has also been
made such as the first realisation of a heat engine based
on a single atom [25], the demonstration of quantum-
thermodynamic effects in the operation of a heat engine
implemented by an ensemble of nitrogen-vacancy (NV)
centres in diamond [26] and the simulation of a quantum
engine fuelled by a squeezed-thermal bath in a classical
setting [27].
Here we explore the possibility of exploiting collec-
tive (cooperative) many-body effects in quantum heat
engines and refrigerators [28–36]. These generic quan-
tum effects have a common origin with Dicke superradi-
ance [37], whereby light emission is collectively enhanced
by the interaction of N atoms with a common environ-
ment (bath) such that its intensity scales with N2 [37–62].
Investigations of this effect for a cloud of closely-packed
emitters [43] face a severe problem: The dipole-dipole
interaction (DDI) among emitters may diverge and cause
an uncontrollable inhomogeneous broadening that may
destroy superradiance. By contrast, DDI may be either
suppressed [50] or collectively enhanced [63] in appropri-
ate one-dimensional setups [64] such that in either case
superradiance persists.
Beyond the need to control DDI, the feasibility of quan-
tum cooperative effects in heat machines depends on the
resolution of another principal issue: Is the timing of
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atom-bath interactions important for their cooperativ-
ity [65–67]? Since the early studies of superradiance and
superfluorescence [68] the crucial role of proper initia-
tion of the atomic ensemble has been stressed [69–71]. If
this is the case, is continuous, steady-state interaction
of the atoms with heat baths compatible with coopera-
tivity? Here we show that, rather surprisingly, quantum
cooperative enhancement of N -atom energy exchange
with thermal baths persists under steady-state conditions.
This fundamental result is an outcome of our analysis
that extends to N atoms the concept of the minimal
quantum heat machine [72, 73]: A two-level atom that
is simultaneously coupled to two (hot and cold) thermal
baths and is periodically modulated in energy (transition
frequency).
This paper is organised as follows: We introduce the
model for an N -partite quantum thermal machine and dis-
cuss the collective-spin basis (Dicke basis) in Sec. II. The
thermodynamic analysis is based on the Markovian mas-
ter equation presented in Sec. III. The collective energy
currents and the power boost compared to N indepen-
dent engines are analysed in Secs. IV and V. A concrete
example for a heat engine and a refrigerator is discussed
in Secs. VI and VII. In Sec. VIII we address possible
experimental realisations before concluding in Sec. IX.
II. MANY-BODY THERMAL MACHINES:
MODEL AND COLLECTIVE BASIS
We consider an ensemble of N two-level atoms subject
to a periodic driving field that modulates the atomic
transition frequency [2, 72, 73],
HS(t) =
~ω(t)
2
N∑
k=1
σkz , (1a)
such that HS(t + τ) = HS(t). The modulation ful-
fills the periodicity condition τ−1
∫ τ
0 ω(t)dt = ω0, where
τ = 2pi/Ω is the cycle time and ω0 the atoms’ “bare”
(unperturbed) transition frequency. The atoms are all
identically coupled to two (cold and hot) thermal baths
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2Figure 1. Energy currents in (a) a heat engine and (b) a
refrigerator. A heat engine converts the heat current Jh from
the hot bath into power P whereas a refrigerator consumes
power to establish a heat flow from the cold to the hot bath.
Regardless of the operation mode, we here show that all three
energy currents Jc, Jh and P can be equally enhanced by
cooperative effects between the atoms. We use the convention
that energy currents directed towards the atoms have positive
sign. Heat-engine operation then corresponds to P < 0.
(i ∈ {c,h}),
HiSB =
N∑
k=1
σkx ⊗Bi, (1b)
where Bi is the coupling operator of the ith bath [62, 74,
75]. Note that the atoms are indistinguishable to both of
the baths.
The thermodynamic properties of a setup governed by
Eqs. (1) have been studied for N = 1, i.e., a single two-
level atom, in Refs. [72, 73]. In particular, it has been
shown that this setup constitutes a universal thermal
machine that can be operated on-demand as either a heat
engine (thereby converting heat obtained from the hot
bath into power) or a refrigerator (consuming power to
cool the cold bath), see Fig. 1. The classical field that
induces the periodic modulation in the Hamiltonian (1a)
acts as a piston that either extracts (supplies) power from
(to) the machine [1].
We now introduce the collective spin operator J :=
(Jx, Jy, Jz)T with components [62]
Jj :=
N∑
k=1
1
2σ
k
j (j ∈ {x, y, z}) (2a)
and the transition operators
J± :=
N∑
k=1
σk±. (2b)
In terms of these collective operators, the Hamiltonians (1)
adopt the simple forms
HS(t) = ~ω(t)Jz (3a)
HiSB = 2Jx ⊗Bi. (3b)
Figure 2. Illustration of the collective boost of the energy
currents in the heat engine from Fig. 1a. (a) A heat engine
comprised of N individual two-level atoms (without any direct
or indirect interactions) positions behaves like N individual
engines where the energy currents are additive and hence scale
linearly in N . (b) In certain geometries where the atoms are
ordered and appear indistinguishable to the baths the energy
currents can be collectively enhanced owing to constructive
interference, |Pcoll| > |Pind|. The same effect also holds for
the refrigerator in Fig. 1b.
The pertinent feature of the collective operators (2) is
that they can be cast into the block-diagonal form
Jj =
n⊕
k=1
Skj (j ∈ {x, y, z,±}), (4)
where the Skj are spin operators of lower dimension. The
block-diagonal form (4) is adopted in the basis spanned
by the Dicke states, which are entangled many-body
states [61, 62, 76].
The decomposition (4) follows from the theory of spin
addition [62, 77]: The 2N -dimensional joint Hilbert space
ofN two-level atoms can be decomposed into n irreducible
subspaces of dimension 2j + 1, each corresponding to an
eigenvalue j(j + 1) of J2 [62]. The possible values of j
are j = 0, 1, . . . , N2 for N even and j =
1
2 ,
3
2 , . . . ,
N
2 for N
odd, respectively. We will make use of the notation jk to
denote the j belonging to the kth subspace (k = 1, . . . , n)
when necessary.
As an example, two spin-1/2 particles couple to a triplet
(j = 1) and a singlet (j = 0), whereas three spin-1/2 couple
to a quadruplet (j = 32 ) and two doublets (j =
1
2 ). These
decompositions [78] are commonly denoted as 2 ⊗ 2 =
3⊕ 1 and 2⊗ 2⊗ 2 = 4⊕ 2⊕ 2, respectively, where the
numbers indicate the dimensionality 2j + 1 of the Hilbert
space of the respective spin. The latter example shows
that different irreducible subspaces may share the same
j (called multiplicity of j). The block-diagonal structure
of the collective operators is nevertheless still guaranteed
by the eigenstates’ different symmetry [61]. The largest
possible spin j = N/2, however, is unique and formed by
the totally-symmetric N -atom states (see A) [62].
In this paper we wish to explore the thermodynamic
implications of the existence of irreducible subspaces on
the operation of thermal machines (see Fig. 1). Phrased
3differently, we raise the question: Can the symmetry of
the Hamiltonian (3) be exploited as a genuine quantum-
thermodynamic resource that boosts the performance of
heat engines or refrigerators? The answer to this question
is positive (Fig. 2).
III. MASTER EQUATION
A Lindblad master equation for the reduced state of
the atoms for periodic Hamiltonians can be derived using
Floquet theory [1, 2, 62, 73, 79–82]. For our system
described by the Hamiltonian (1), the master equation for
the single-atom case N = 1 is given in Refs. [2, 72, 73]; for
a detailed derivation of the master equation we refer the
reader to Sec. 4.1 of Ref. [73]. Intriguingly, this derivation
also holds for N > 1 upon replacing the single-atom
operators by their collective counterparts according to
Eqs. (2); the reason being that σj and Jj fulfill the same
Lie algebra, i.e., the same commutation relations [77].
Hence, the multi-atom master equation in the interaction
picture reads
ρ˙ =
∑
i∈{c,h}
∑
q∈Z
Li,qρ (5)
with the sub-Liouvillians
Li,qρ := 12P (q)Gi(ω0 + qΩ)D[J−]
+ 12P (q)Gi(ω0 + qΩ)e
−βi~(ω0+qΩ)D[J+], (6)
where D[A] := 2AρA† −A†Aρ− ρA†A denotes the dissi-
pator [62].
Physically, the master equation (5) describes the inco-
herent emission (first part of Eq. (6) with jump operator
J−) and absorption (second part of Eq. (6) with jump
operator J+) of photons carrying energy ~(ω0 + qΩ) to
(from) the two baths at inverse temperatures βc and βh,
respectively. The frequencies ω0 + qΩ (q ∈ Z) are called
Floquet sideband frequencies. The rates associated to
these sideband channels are determined by the bath spec-
tra Gi(ω) and the weights P (q) which depend on the
form of the modulation ω(t) in the Hamiltonian (1a) (see
B). Hence, the master equation (5) accounts for the fact
that owing to the periodic drive photons emitted to or
absorbed from the baths do not necessarily carry the
bare two-level transition energy ~ω0 but their energy also
depends on the pump frequency Ω. This means that the
exchange of photons between the atoms and the baths
involves the simultaneous absorption or emission of en-
ergy quanta ~Ω from/to the driving field that creates the
energy modulation in the Hamiltonian (1a).
The merit of the collective operators J± [Eq. (2b)] is
now clear: The master equation (5) conserves the sym-
metry, meaning that it does not couple the individual
irreducible subspaces that correspond to the blocks in
Eq. (4). In other words, since [J±,J2] = 0 these sub-
spaces are invariant under the master equation (5) such
that every (2jk + 1)-dimensional subspin evolves individ-
ually. Hence, the steady-state solution of the master
equation (5) is a weighted direct sum of Gibbs-like states
of these individual spin constituents,
ρss =
n⊕
k=1
〈Πk〉ρ0 ρkss, (7)
where
ρkss = Z−1k exp
(−βeff~ω0Skz ) (8)
and Zk := Trk
[
exp
(−βeff~ω0Skz )]. Here Πk denotes the
projector onto the kth invariant subspace and ρ0 is the
initial condition of the atoms such that
∑n
k=1 〈Πk〉ρ0 = 1.
The inverse effective temperature βeff is implicitly defined
via the “global” detailed-balance condition
exp(−βeff~ω0) :=∑
i∈{c,h}
∑
q∈Z P (q)Gi(ω0 + qΩ)e−βi~(ω0+qΩ)∑
i∈{c,h}
∑
q∈Z P (q)Gi(ω0 + qΩ)
(9)
in the master equation (5) [73]: The nominator in Eq. (9)
is the total absorption rate in the master equation (5)
whereas the denominator corresponds to the total emission
rate therein.
The steady state (7) thus reflects the fact that the initial
populations 〈Πk〉ρ0 of the invariant subspaces (i.e., the
initial weights of the individual subspins) cannot change
dynamically under the master equation (5) since the cor-
responding subspins do not interact with each other (the
effect of imperfections is discussed in B). Each subspin,
however, relaxes to the Gibbs-like steady state (8).
We note that the static steady state (7) is attained in
the interaction picture w.r.t. the Hamiltonian (1a). In
the original Schrödinger picture this state corresponds to
a limit cycle with periodicity τ = 2pi/Ω [1, 81].
IV. COLLECTIVE ENERGY CURRENTS
The steady state (7) of the atoms is an out-of-
equilibrium state that is maintained by the interplay
of three energy currents: (i) the heat current Jc from
the cold bath, (ii) the heat current Jh from the hot bath
and (iii) the power P = −[Jc + Jh] originating from the
driving field (see Fig. 1). Following the theory of the
thermodynamics of periodically-driven open quantum sys-
tems [1, 2, 72, 73, 81], the heat currents from the two
baths to the atoms are (i ∈ {c,h})
Ji =
∑
q∈Z
~(ω0 + qΩ) Tr [(Li,qρss) Jz] . (10)
This expression accounts for the fact that under Ω-periodic
driving photons are not only exchanged at the bare tran-
sition frequency ω0 but also at the Floquet sidebands
4ω0 + qΩ and thus carry different energies ~(ω0 + qΩ).
These energies are multiplied with the respective steady-
state probability for this energy transfer to happen due to
the interaction of the spin with bath i at the qth harmonic
sideband [73].
Inserting the steady state (7) into Eq. (10), the heat
currents and the power evaluate to
Ji =
n∑
k=1
〈Πk〉ρ0 Ji(jk) (11a)
P =
n∑
k=1
〈Πk〉ρ0 P(jk), (11b)
where
Ji(jk) = F (jk)
∑
q∈Z
~(ω0 + qΩ)P (q)Gi(ω0 + qΩ)
×
[
e−βi~(ω0+qΩ) − e−βeff~ω0
]
(12)
is the heat flow induced by the spin-jk associated with the
kth invariant subspace and P(jk) = − [Jc(jk) + Jh(jk)]
is the corresponding power. The prefactor in Eq. (12) is
defined as
F (jk) :=
2jk−1∑
j=0
pss,kj (j + 1)(2jk − j), (13)
where pss,kj is the (thermal) population of the jth level
of the spin-jk particle at inverse temperature βeff . The
explicit form of Eq. (13) is given in C. The structure of
the energy currents (11) thus accounts for the fact that
the different spins in the decomposition (4) (pertaining
to different irreducible subspaces) act as individual, i.e.,
non-interacting, working media of the engine. Thereby,
the contribution of each spin jk is weighted by its popula-
tion in the initial state. These populations are conserved
since the irreducible subspaces are dynamically invari-
ant. The sign of each individual contribution (12) to the
heat currents is determined by the difference of the Boltz-
mann factors of the bath [at temperature Ti and energy
~(ω0 + qΩ)] and of the spin (at temperature (kBβeff)−1
and energy ~ω0). Finally, as will become clear below, the
prefactor (13) contains the collective enhancement of the
energy currents.
The heat currents (4) demonstrate the crucial role of
the initial condition. Consider the case N = 3 as an illus-
trative example. As mentioned above, 2⊗2⊗2 = 4⊕2⊕2,
such that j1 = 32 , j2 =
1
2 and j3 =
1
2 , respectively. There
are thus n = 3 invariant subspaces and the power (11b)
evaluates to
P = 〈Π1〉ρ0 P
(
3
2
)
+
(
〈Π2〉ρ0 + 〈Π3〉ρ0
)
P
(
1
2
)
. (14)
As a consequence, for an initial condition having its sup-
port only in the two irreducible doublet spaces such that
〈Π2〉ρ0 + 〈Π3〉ρ0 = 1, the power P induced by the three
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Figure 3. Power (14) for N = 3 atoms and different initial
conditions, in units of the power generated by an engine
working with a single two-level atom. The initial overlap
with the spin-3/2 subspace is 〈Π1〉ρ0 = {1, 0.8, 0.6, 0.5, 0.3, 0}
(from top to bottom). The horizontal dashed red line is the
power generated by three independent two-level atoms. A
power above this line indicates a cooperative benefit compared
to individual atoms, owing to constructive interference. By
contrast, a power below this line shows the detrimental effect
of destructive interference.
two-level atoms equals the power generated by a single
two-level atom, P = P( 12 ). Hence, owing to destructive in-
terference, for such an initial condition there is no benefit
to, e.g., heat-engine operation, in adding two additional
atoms. Figure 3 shows the power (14) for three atoms and
different initial conditions, i.e., different initial weights
〈Πk〉ρ0 . As discussed below, maximum cooperativity is
achieved under the condition of perfect constructive in-
terference, which is realised by an initial condition in
the spin-N/2 subspace. Yet, imperfections in the initial
preparation of the atoms do not necessarily rule out the
possibility of cooperative effects: There may be power
enhancement but it will always be smaller than for the
ideal case.
Introducing the heat current Ji( 12 ) induced by a single
two-level atom, the collective heat currents (12) can be
cast into the simple form
Ji(jk) = F (jk)
F
( 1
2
)Ji(12
)
. (15)
Since the ratio in Eq. (15) does not explicitly depend on
the bath index i, both heat currents Jh(jk) and Jc(jk) are
equally amplified [11] such that also the power originating
from the spin-jk subspace is equally enhanced with respect
to the power generated by a single two-level atom,
P(jk) = F (jk)
F
( 1
2
)P (12
)
. (16)
The results (10)–(16) are general in that they do not
only apply to heat engines (that convert heat from the hot
bath into power) but also to refrigerators (that consume
power to cool the cold bath) or any other kind of setups,
e.g., heat distributors where both baths are heated up on
the expense of the invested power.
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Figure 4. Ratio (17) of the power generated by N collective
atoms compared to the power generated by N individual two-
level-atom heat machines as a function of the inverse effective
temperature (9) and the particle number.
V. COOPERATIVE POWER ENHANCEMENT
Example (14) demonstrates the crucial role of the
atomic initial condition ρ0 in cooperative many-body
thermal machines. Perfect constructive interference of
the fields scattered by the atoms is achieved under the
condition of full atomic cooperativity where all N two-
level atoms form the largest-possible spin N/2. In order to
achieve the maximal benefit from cooperativity it is there-
fore important to start in a favourable initial condition
where only the subspace associated with this spin-N/2 is
populated, i.e., 〈ΠK〉ρ0 = 1 (jK = N2 ). This subspace is
unique and comprises, for example, all N atoms being ini-
tially excited or all N atoms being initially in the ground
state (see A) [62]. Note that all the fully-symmetric Dicke
states spanning this subspace are eigenstates of the sys-
tem Hamiltonian and that the preparation of the initial
state is a one-time process. Any arbitrary initial condition
from this subspace thus guarantees that only the spin-N/2
is populated in the state (7), i.e., that the N two-level
atoms act as one collective spin-N/2 particle, which is
now the relevant working medium of the engine. The
specific initial condition of this effective working medium
then does not affect the thermodynamic properties of the
engine under steady-state operation, which is a periodic
limit cycle [1, 2, 72, 73, 81, 83].
The collective power Pcoll := P
(
N
2
)
and its counterpart
Pind := NP
( 1
2
)
established by N individual atoms (cf.
Fig. 2) then fulfill the relation
Pcoll
Pind =
1
N
F
(
N
2
)
F
( 1
2
) . (17)
The ratio (17) is shown in Figs. 4 and 5. Owing to
Eq. (15) the same result (17) also holds for the ratio of the
collective heat currents J colli := Ji(N2 ) to their individual
counterpart J indi := NJi( 12 ) (i ∈ {c,h}). This implies
that there is no collective effect on the engine efficiency
since the ratio η = −P/Jh coincides in the collective and
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Figure 5. Cuts through Fig. 4 for different particle numbers
N = {5, 10, 50, 100} (from bottom to top). The maximum
enhancement factor of (N + 2)/3 is reached for βeff~ω0 → 0
[Eq. (19)].
individual cases, −Pcoll/J collh = −Pind/J indh .
Equation (17) demonstrates the cooperative character
of the engine: The collective power Pcoll is a consequence
of quantum coherence between the N two-level atoms.
Consequently, destroying this coherence by applying de-
phasing would cause all the N atoms to interact inde-
pendently with the baths and the driving field (see D).
The power output of such an engine with N individual
two-level working media equals the power output Pind
of N individual engines with a single two-level working
medium.
The limiting cases of the ratio (17) for a fixed particle
number are
lim
βeff~ω0→∞
Pcoll
Pind = 1 (18)
in the low-temperature regime and
lim
βeff~ω0→0
Pcoll
Pind =
N + 2
3 (19)
in the high-temperature regime. The superradiant scaling
behaviour Pcoll ∼ NPind = N2P( 12 ) is thus established
for sufficiently high effective temperatures such that the
spin-N/2 particle is considerably excited [cf. Eq. (8)].
This non-linear scaling with the system size is a direct
consequence of cooperativity between the atoms, similar
to Dicke superradiance where full cooperativity between
the emitters causes an inverted ensemble to radiate in the
form of a short burst with peak intensity proportional to
N2 [62].
For βeff~ω0 → ∞ the respective energy currents are
equal [Eq. (18)] since for such low effective temperatures
both the two-level atoms (in the individual case) and
the spin-N/2 (in the collective case) are mostly in their
respective ground state [cf. Eq. (8)]. Since, however,
these states coincide [62] there is no difference between
collective or individual atoms and both give rise to the
same heat current, J colli = J indi , and thus to the same
power, Pcoll = Pind.
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Figure 6. Power boost (17) for different atom numbers and
maximum (saturation) power boost (21) achievable for a given
βeff~ω0 by increasing the number of atoms. The saturation
value (21) cannot be surpassed even by adding more atoms.
For example, for βeff~ω0 = 0.2 the power can only be boosted
by a factor of 10 even if there were thousands of cooperative
atoms.
By contrast, in the high effective-temperature limit
βeff~ω0 → 0 more and more levels of the spin-N/2 become
excited. Since the transition probabilities between its
individual levels |j〉 (carrying j excitations; see A) are
enhanced by the Clebsch–Gordan coefficients [62],
SK− =
N−1∑
j=0
√
(j + 1)(N − j) |j〉〈j + 1| , (20)
the coupling of the individual levels to the bath is in-
creased compared to the single two-level case σ− = |g〉〈e|.
These enhanced transition probabilities play a role once
the corresponding levels are populated, which requires
a sufficiently high effective temperature in the state (8).
This behaviour is also reflected in the amplification func-
tion (13) where the squared coefficients from Eq. (20) are
weighted by the respective thermal populations of the
corresponding levels of the spin-N/2 particle at inverse
temperature βeff .
Conversely, for a given value of βeff (which depends on
the modulation ω(t) and the bath properties) we find the
saturation relation
lim
N→∞
Pcoll
Pind = coth
(
βeff~ω0
2
)
. (21)
Again, as expected from Fig. 5, in the low effective-
temperature regime βeff~ω0  1 the r.h.s. of Eq. (21)
tends to unity, such that even for large particle numbers no
power enhancement compared to the individual-atom case
can be achieved. By contrast, in the high-temperature
regime βeff~ω0 → 0 the r.h.s. of Eq. (21) diverges as
2(βeff~ω0)−1, such that collective effects significantly en-
hance the power in this parameter regime (see Fig. 6).
The saturation value (21) is then extremely sensitive to
the value of βeff~ω0. Hence, there is always a maximum
(saturation) atom number above which the power is not
amplified further. Consequently, the ideal superradiant
scaling behaviour (19) for all N is, strictly speaking, only
achieved in the strict limit βeff~ω0 → 0.
Dicke superradiance is commonly related to intense
short light pulses emitted by a collection of inverted two-
level atoms [43, 61, 62]. By contrast, here we rather
have “continuous” or “persistent” superradiance (see also
Ref. [84]). Under steady-state operation photons are
continuously exchanged between the baths, the power
source and the atoms, which gives rise to collectively-
enhanced steady-state energy flows (cf. Fig. 2).
VI. EXAMPLE: COOPERATIVE ENERGY
CURRENTS IN A HEAT ENGINE
As an example, we consider a sinusoidal frequency
modulation of the form
ω(t) = ω0 + g sin(Ωt) (22)
in the Hamiltonian (1a) under the condition 0 ≤ g 
Ω ≤ ω0 [72, 73]. For this modulation the weights P (q) in
the master equation (5) evaluate to [73]
P (0) ' 1− 12
( g
Ω
)2
(23a)
P (±1) '
( g
2Ω
)2
, (23b)
such that the higher Floquet sidebands |q| > 1 do not
contribute significantly and can therefore be neglected.
Heat-engine or refrigeration operation (Fig. 1), respec-
tively, require the photons that are exchanged between
the atoms and the hot bath to carry more energy than the
photons exchanged between the atoms and the cold bath.
This requirement can be realised by spectrally-separated
baths, e.g., by imposing [72, 73]
Gc(ω) ≈ 0 for ω ≥ ω0 (24a)
Gh(ω) ≈ 0 for ω ≤ ω0. (24b)
For the sinusoidal modulation (22) and the spectral
conditions (24), the thermal machine described by the
master equation (5) can on-demand act either as a heat
engine or a refrigerator [72, 73]. Figures 7 and 8 show
the energy currents generated by 100 individual atoms
compared to their collective counterparts (the explicit
expressions for the currents are given in E).
These results imply the following conclusions: The
largest possible power boost (19)—i.e., the largest-
possible collective quantum many-body effect—requires
the two bath temperatures to be similar and sufficiently
large compared to ω0, βc~ω0  1 and βh~ω0  1 such
that βeff~ω0 → 0. The steady state (8) of the spin-N/2
particle is then the maximum-entropy state with equally-
populated energy levels. The quantitative values of the
energy currents may, however, be small despite the super-
radiant boost (see Fig. 8).
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Figure 7. Energy currents generated by N = 100 individual
atoms (dashed) and collective atoms (solid) as a function of
βh~ω0 under the conditions (23) and (24). The maximum
power boost of Pcoll/Pind ≈ 4 is attained for βh~ω0 → 0, i.e.,
for a very high temperature of the hot bath (cf. Fig. 5 for
βeff~ω0 ≈ 0.51). This maximum boost cannot be increased
by adding more atoms since the saturation value (21) also
evaluates to 4 (cf. Fig. 6). Note that adding dephasing would
destroy the coherence between the atoms and reduce the
collective energy currents {Jcolli ,Pcoll} to their counterparts
{J indi ,Pind} generated by N individual atoms (see D). Param-
eters: exp(−βc~ω0) = 0.1 (corresponding to βc~ω0 = 2.3),
Ω = 0.3ω0, Gc(ω0 − Ω) = Gh(ω0 + Ω) and g = 0.01Ω.
If, however, the cold-bath temperature is predetermined
and the task is to produce large power, irrespective of how
large the collective boost is, then it is more favourable
to simply increase the hot-bath temperature as much as
possible so as to generate the largest possible temperature
gradient, as expected for any heat engine [6]. Even though
the collective effect may then be small, it will still be
present (see Fig. 7).
In general, for predetermined finite bath temperatures
it is favourable to strive for a collective behaviour of the
atoms by imposing the symmetry that leads to the estab-
lishment of invariant subspaces, provided that the initial
condition is carefully chosen. The SU(2) symmetry that
manifests itself in the establishment of invariant subspaces
is thus a thermodynamic resources that can be exploited
to increase the output power of heat engines (or the cool-
ing current of refrigerators) compared to an incoherent
additive (and hence, in a sense, classical) ensemble of
individual heat engines. Superradiance is established by
entanglement between the atoms and is thus a genuine
quantum effect [61].
In summary, the maximum boost (19) is extremely sen-
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Figure 8. Same as Fig. 7 for a higher temperature of the cold
bath, exp(−βc~ω0) = 0.9 (corresponding to βc~ω0 = 0.11).
Here the minimal value of βeff~ω0 is 0.036, which results in a
power boost of Pcoll/Pind ≈ 28 (cf. Fig. 5). Contrary to the
situation in Fig. 7 there is a benefit in adding more atoms
since here the saturation value (21) evaluates to roughly 56
(cf. Fig. 6). Owing to the smaller gradient between the two
bath temperatures, the power is less than in Fig. 7. The
cooperative power boost, however, is larger. Note the different
scaling of the axes compared to Fig. 7. As in Fig. 7, adding
dephasing would reduce the collective energy currents to their
counterparts for individual atoms.
sitive to the bath temperatures (see Figs. 4–6 where for
small βeff~ω0 and large atom numbers the boost increases
very steeply). Consequently, even though the parameters
in Fig. 8 allow for very small values of βeff~ω0, the maxi-
mum enhancement (21) still saturates to roughly 56 (cf.
Fig. 6), which, depending on the atom number N , may
be far away from the maximum value (N + 2)/3 that is
attained in the limit βeff~ω0 → 0 [Eq. (19)]. In general,
the latter limit requires both baths to have comparable
temperatures much higher than the bare atomic transition
frequency ω0 such that the absolute value of the power
decreases significantly compared to the case of distinct
temperatures shown in Fig. 7.
Hence, there is a severe tradeoff between the realisa-
tion of a large quantum boost and the generation of a
large power output. Depending on what feature is to be
achieved in an experiment, the operation point of the
machine must be chosen accordingly.
8VII. COLLECTIVE REFRIGERATION
The ratio (17) of the collective energy currents to their
individual counterparts is universally valid, independent
of whether the thermal machine is operated as an engine
or a refrigerator (cf. Fig. 1). Hence, collective effects
are not only favourable to engine operation but can also
enhance the performance of a refrigerator (i.e., the cold
current Jc). This enhancement, however, comes to the
price of an equally-scaled larger external power supply.
As seen from Figs. 7 and 8, the heat flow Jc increases
the colder the hot bath becomes. The largest boost, how-
ever, occurs for the smallest possible βeff~ω0 (see Fig. 4),
which is the regime where the energy currents vanish (see
E). Just like for the engine case we can conclude that
for given bath temperatures there is always a benefit of
collective operation (cf. Fig. 5). However, whereas for the
engine the boosted power follows from “free” enhanced
heat currents, the enhanced refrigerator requires the cost
of an equally-scaled larger power investment compared to
the individual-atoms case.
VIII. REALISATION CONSIDERATIONS
The collective behaviour that results in the enhance-
ment of the steady-state energy currents is a consequence
of the indistinguishably of the atoms with respect to the
two baths. This implies an SU(2) symmetry and the
existence of invariant irreducible subspaces. The cou-
pling Hamiltonian (1b) thus describes the optimal (ideal)
situation. Fortunately, its strict symmetry is not necessar-
ily required to obtain a symmetry-preserving Markovian
master equation of the form (5).
Consider, e.g., the interaction ofN two-level atoms with
the surrounding electric field in dipole approximation [39],
HSB = −
N∑
j=1
dj ·E
= −
N∑
j=1
∑
k
fkσx ⊗
(
bke
ik·xj + b†ke
−ik·xj
)
, (25)
where xj is the position of the jth atom, fk the atom–
field-mode coupling and bk annihilates a photon in mode
k of the electric field. Owing to the position-dependent
phases, the operator (25) cannot be cast in the form (3b).
Under the Markovian approximation that leads to the
master equation (5), however, the atoms effectively only
interact with the resonant bath mode (at frequency ω0
without modulation [62] and at frequencies ω0 + qΩ with
modulation [82], respectively).
In one-dimensional geometries, the atoms can hence
effectively appear indistinguishable to the resonant bath
mode if they are placed at interatomic distances of inte-
ger multiples of the resonance wavelength λ0 = 2pic/ω0,
such that all atoms scatter in phase [50, 64, 85]. Since,
however, the atoms not only exchange photons with the
bath at the bare transition frequency ω0 but also at the
Floquet sidebands [Eq. (5)], one must additionally require
2pic/(ω0+qΩ) ≈ 2pic/ω0 for the relevant q (in the example
of Sec. VI these are q = ±1). Hence, under the Markov ap-
proximation the dipole Hamiltonian (25) may effectively
be replaced by the fully-symmetric Hamiltonian (1b).
The feasibility of superradiance under the interac-
tion (25) in three dimensions has been experimentally
demonstrated for atoms confined within a volume much
smaller than the cubed wavelength [43, 62]. Then,
however, the bath-induced dipole–dipole interaction di-
verges [39]. By contrast, it has been theoretically de-
rived [64] and experimentally demonstrated [50] that in
one dimension maximal collective coupling to the bath can
be realised while entirely suppressing the bath-induced
dipole–dipole interaction by placing the atoms in a chain
at distances d = λ0 or integer multiples thereof.
The above general requirement of the atoms appearing
identical to the bath at all Floquet sidebands can be lifted
by imposing a spectral separation of the two baths as
introduced in Sec. VI for machine operation. For the
modulation (22) and the spectral separation (24) the two
baths may be realised by two crossed bad cavities (similar
to the experiment [86]) or waveguides at different tempera-
tures Tc and Th and different resonance frequencies ω0±Ω.
Another possibility may be to consider two commensu-
rable modes of a bad cavity [87] at different temperatures
where the free spectral range of the cavity is 2Ω, similar
to the two-mode Tavis–Cummings model [88, 89]. The
feasibility of collective strong coupling in multimode cav-
ities has been demonstrated experimentally [51]. Dicke
superradiance has also been experimentally realised for
superconducting qubits in microwave cavities [54] and for
atoms placed along a photonic crystal waveguide [56]. An-
other possible implementation may be in nitrogen-vacancy
(NV) centres in diamond nanocrystals, where the recent
room-temperature superradiance experiment [90] is close
to our assumptions.
IX. CONCLUSIONS
We have investigated the impact of cooperative many-
body effects on the operation of quantum thermal ma-
chines. In suitable geometries and for a carefully-chosen
initial condition, a collection of N two-level atoms may be-
have as a giant collective spin-N/2 particle whose energy
levels are entangled many-body states. The underlying
SU(2) symmetry is manifested in the conservation of
the collective spin. This behaviour leads to significantly-
enhanced energy currents and to a non-extensive scaling
of the power output. Namely, the power generated by
a quantum heat engine that involves N collective atoms
in its working medium surpasses the power generated
by N individual engines that operate with a single-atom
working medium. We have mapped the thermal machine
with N two-level atoms on a machine with a single, fic-
9titious, spin N/2-particle. Consequently, for a given N ,
an alternative machine with a single, physical, spin-N/2
particle would exhibit the same performance as the dis-
cussed collective machine. From the point of view of the
engine, its working medium is always a spin-N/2 in the
diagonal state (7). Hence, although there is coherence in
the N -atom state, there is no coherence in the physically
relevant spin-N/2 working medium that otherwise would
reduce the power output [83, 91].
Whilst we have here considered the case of a mod-
ulated transition frequency [Eq. (1a)], our results also
apply to different kinds of driving Hamiltonians since
our study is based on a general thermodynamic frame-
work [1, 2, 72, 73, 81] for periodically-driven open quan-
tum systems. Notably, the Floquet–Bloch master equa-
tion for strongly-driven two-level atoms evaluates to a
form similar to Eq. (5) in the dressed states [79, 81], such
that similar enhancement features are to be expected in
that case too. Our approach is general in that it may
be applied to heat engines, refrigerators or any other
scenarios like heat distributors that, e.g., occur for the
laser-driven cooling of a dephasing bath [81, 92, 93]. We
note that although our analysis is based on a general
thermodynamic framework [1, 2] that involves a Floquet
master equation, we expect the general conclusions to
also hold outside the Floquet formalism.
The boosted energy currents are due to “continuous” or
“persistent” superradiance (see also Ref. [84]). Whereas
the power Pind generated by a heat engine that involves
N individual two-level atoms as its working medium is,
in a sense, classical as it is additive and does not involve
quantum-interference effects, the collective power Pcoll
generated under perfect constructive-interference condi-
tions is a genuine quantum many-body effect that involves
entanglement between the two-level atoms.
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Appendix A: Irreducible spin-N/2 subspace
The irreducible spin-N/2 subspace is spanned by N + 1
fully-symmetric (under particle exchange) states |j〉 that
carry j excitations. In terms of the N -atom states, these
basis states read [62]
|0〉 = |ggg . . . g〉 (A1a)
|1〉 = S |egg . . . g〉 (A1b)
|2〉 = S |eeg . . . g〉 (A1c)
...
|N〉 = |eee . . . e〉 . (A1d)
Here |g〉 is the single-atom ground state, |e〉 the excited
state and S the symmetrisation operator.
Appendix B: Master equation
For N = 1 the master equation is derived in Sec. 4.1 of
Ref. [73]. As mentioned in the main text, this derivation
also holds for N > 1 upon replacing the single-atom op-
erators σj by their cooperative counterparts Jj according
to Eqs. (2).
The effective coupling strengths P (q) in Eq. (6) are
determined by the modulation form ω(t) as [73]
P (q) =
∣∣∣∣1τ
∫ τ
0
exp
(
i
∫ t
0
[ω(s)− ω0] ds
)
e−iqΩtdt
∣∣∣∣2 ,
(B1)
where τ = 2pi/Ω is the periodicity of the Hamiltonian (1a),
HS(t + τ) = HS(t). These coefficients are normalised,∑
q∈Z P (q) = 1, and fulfill P (q) = P (−q).
The spectrum Gi(ω) of the ith bath (i ∈ {c,h}) at
frequency ω is given by [62, 73]
Gi(ω) =
∫ ∞
−∞
〈Bi(t)Bi(0)〉 eiωtdt. (B2)
For bosonic baths the latter evaluates to [62, 74]
Gi(ω) = γi(ω) [n¯i(ω) + 1] , (B3)
where γi(ω) is the spontaneous-emission rate and n¯i(ω) =
[exp(βi~ω) − 1]−1 the thermal population of the bath
mode at frequency ω.
The Markovian approximation requires the bath auto-
correlation time to be much shorter than the relaxation
time of the system [62]. Consequently, it is expected to
break down for very large N [43], for large separations in
one-dimensional setups [64] or for the spontaneous emis-
sion in large atom clouds [67, 69–71]. If the assumptions
are justified, Markovian master equations can faithfully
reproduce superradiance experiments [46, 50, 54, 58, 90].
Note that the decay rates from level |j,m〉 to level
7→ |j,m− 1〉 (m = −j, . . . , j) of the collective spin are [62]
γ(m) ∝ |〈j,m− 1|J−|j,m〉|2 = (j−m+1)(j+m). (B4)
Hence, the transition rates between the individual levels
of the collective spin increase as we approach the cen-
tral level, which for maximum cooperativity (j = N/2)
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exhibits the superradiant scaling with N2. This implies
that for an initially inverted ensemble in contact with a
bath at T = 0 the mean-energy decay rate ~ω0∂〈Jz〉/∂t
first rapidly grows and afterwards diminishes [62].
In our treatment we have assumed a perfectly-
symmetric Hamiltonian such that the irreducible sub-
spaces are dynamically invariant. Only then does the
master equation (5) solely involve the collective operators
J±. If this symmetry is not fulfilled, the master equa-
tion will then involve “cross-decay” and “cross-absorption”
terms and be of the form
ρ˙ =
N∑
i,j=1
cij(2σi−ρσ
j
+ − σj+σi−ρ− ρσj+σi−)
+
N∑
i,j=1
cije
−βeff~ω0(2σi+ρσ
j
− − σj−σi+ρ− ρσj−σi+), (B5)
unless the eigenvalues of the cij matrix are all zero except
for a single eigenvalue which corresponds to collective
decay or absorption via the collective-spin operators J∓
(fulfilled if all the cij are equal) [62]. For small imperfec-
tions we can still expect only one eigenvalue of cij to be
dominant; the corresponding decay/absorption channel
being J∓ to a good approximation [62]. The steady-state
solution (7) is then not unique and depends on the initial
condition.
Another kind of imperfections may result in partial
symmetry, i.e., some eigenvalues of cij being zero. Since
the determinant of cij is still zero, the steady-state solu-
tion is again initial-condition dependent. In contrast to
the ideal case of only one non-zero eigenvalue, now only a
sub-ensemble of the N atoms will behave collectively and
hence only the initial condition of those atoms appears in
the steady-state solution.
By contrast, a broken symmetry, i.e., all eigenvalues
of cij being non-zero, results in an engine run by N in-
dependent two-level working media, devoid of collective
effects, with a unique steady state of the atoms (simi-
lar to the addition of dephasing discussed in D). The
non-uniqueness of the steady state (7) is thus crucial for
the establishment of collective effects—only then are the
two-level atoms correlated and not acting independently.
As mentioned above, for the ideal case of N -atom cooper-
ativity this requires that all the cij be equal (at least to
a good approximation) [62].
Appendix C: Explicit form of F (jk)
Inserting the (thermal) population of the jth level of
the spin-jk particle in state (8),
pss,kj :=
〈
k, j
∣∣ρkss∣∣k, j〉 , (C1)
the function (13) evaluates to
F (jk) =
∑2jk−1
j=0 e
−jβeff~ω0(j + 1)(2jk − j)∑2jk
j=0 e
−jβeff~ω0
. (C2)
Appendix D: Dephasing effects
Under the influence of local dephasing, the additional
symmetry-breaking Liouvillian [74]
Ldρ =
N∑
k=1
γdD[σkz ] (D1)
is added to the master equation (5), where γd is the
dephasing rate (for simplicity assumed to be equal for all
atoms). The steady-state solution of the master equation
ρ˙ =
∑
i∈{c,h}
∑
q∈Z
Li,qρ+ Ldρ (D2)
then reads
ρdss = Z−1 exp
(
−βeff ~ω02
N∑
k=1
σkz
)
. (D3)
Namely, contrary to Eq. (7), under the influence of dephas-
ing every two-level atom individually attains a Gibbs-like
state at inverse temperature βeff . For this state the heat
currents from the two baths to the atoms evaluate to
(i ∈ {c,h}) [73]
J di =
∑
q∈Z
~(ω0 + qΩ) Tr
[(Li,qρdss) 12
N∑
k=1
σkz
]
= NJi
(
1
2
)
≡ J indi , (D4)
such that the power is
Pd = − [J dc + J dh ] = NP (12
)
≡ Pind. (D5)
Therefore, under the effect of dephasing the heat engine
with N two-level working media gives as much power
as N independent heat engines with a single two-level
working medium. Namely, the added dephasing destroys
the coherence between the individual atoms that gives
rise to their collective formation of a big spin.
Appendix E: Energy currents for sinusoidal
modulation
For the sinusoidal modulation (22) and the spectral
conditions (24), the heat currents (12) evaluate to
Jc(jk) = F (jk)~(ω0 − Ω)
( g
2Ω
)2
Gc(ω0 − Ω)
×
[
e−βc~(ω0−Ω) − e−βeff~ω0
]
(E1a)
Jh(jk) = F (jk)~(ω0 + Ω)
( g
2Ω
)2
Gh(ω0 + Ω)
×
[
e−βh~(ω0+Ω) − e−βeff~ω0
]
(E1b)
P(jk) = − [Jc(jk) + Jc(jk)] (E1c)
11
and Eq. (9) simplifies to
exp (−βeff~ω0) =
Gc(ω0 − Ω)e−βc~(ω0−Ω) +Gh(ω0 + Ω)e−βh~(ω0+Ω)
Gc(ω0 − Ω) +Gh(ω0 + Ω) .
(E2)
The difference of the Boltzmann factors in Eqs. (E1)
determine the sign of the respective heat currents, i.e.,
whether the machine acts as an engine (Jc < 0, Jh > 0
and P < 0) or a refrigerator (Jc > 0, Jh < 0 and P > 0).
The energy currents (E1) vanish at the inverse critical
temperature
βcrith = βc
ω0 − Ω
ω0 + Ω
(E3)
of the hot bath, which for the parameters in Figs. 7
and 8 evaluates to ~βcrith ω0 ≈ 1.24 and ~βcrith ω0 ≈ 0.06,
respectively.
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